We investigate the E/B decomposition of CMB polarization on a masked sky. In real space, operators of E and B mode decomposition involve only differentials of CMB polarization. We may, therefore in principle, perform a clean E/B decomposition from incomplete sky data. Since it is impractical to apply second derivatives to observation data, we usually rely on spherical harmonic transformation and inverse transformation, instead of using real-space operators. In spherical harmonic representation, jump discontinuities in a cut sky produces Gibbs phenomenon, unless a spherical harmonic expansion is made up to an infinitely high multipole. By smoothing a foreground mask, we may suppress the Gibbs phenomenon effectively in a similar manner to apodization of a foreground mask discussed in other works. However, we incur foreground contamination by smoothing a foreground mask, because zero-value pixels in the original mask may be rendered non-zero by the smoothing process. In this work, we investigate an optimal foreground mask, which ensures proper foreground masking and suppresses Gibbs phenomenon. We apply our method to a simulated map of the pixel resolution comparable to the Planck satellite. The simulation shows that the leakage power is lower than unlensed CMB B mode power spectrum of tensor-to-scalar ratio r ∼ 1 × 10 −7 . We compare the result with that of the original mask. We find that the leakage power is reduced by a factor of 10 6 ∼ 10 9 at the cost of a sky fraction 0.07, and that that the enhancement is highest at lowest multipoles. We confirm that all the zero-value pixels in the original mask remain zero in our mask. The application of this method to the Planck data will improve the detectability of primordial tensor perturbation.
Introduction
Over the past few years, CMB polarization has been measured by several experiments, and is being measured by the Planck surveyor Leitch et al. 2002; Pryke et al. 2002a; Halverson et al. 2002; Pryke et al. 2002b; Leitch et al. 2005; Ade & et al. 2008; Pryke & et al. 2009; Hinderks et al. 2009; Brown & et al. 2009; The Planck Collaboration 2006) . Using the general properties of symmetric trace-free tensors, we may decompose CMB polarization into the gradientlike E mode and the curl-like B mode (Kamionkowski et al. 1997; Zaldarriaga & Seljak 1997) . In the standard model, B mode polarization is not produced by scalar perturbation, but solely by tensor perturbation. Therefore, the measurement of the B mode polarization makes it possible to probe the universe on the energy scale during the inflationary period (Kamionkowski et al. 1997; Zaldarriaga & Seljak 1997; Dodelson 2003; Liddle & Lyth 2000; Mukhanov 2005) . We can also obtain information about the dark matter distribution from weak lensing imprints on B mode polarization (Okamoto & Hu 2003; Seljak & Hirata 2004; Lewis & Challinor 2006) . In most inflationary models, the tensor-to-scalar ratio r is much smaller than one, and the current upper bound r < 0.36 is imposed by the WMAP 7 year data at a 95% confidence level (Larson et al. 2010; Komatsu & et al. 2010) . Therefore, it is quite a challenging and ambitious goal to measure CMB B mode polarization.
Besides contamination inherent to instruments such as noise and instrumental polarization, several complications limit the detectability of tensor perturbation. In particular, there ⋆ jkim@nbi.dk is contamination from Galactic and extragalactic foregrounds (Tucci et al. 2005; Amarie et al. 2005; Verde et al. 2006) . By spectral matching component separation or template fitting, we may clean foreground contamination (Betoule et al. 2009; Efstathiou et al. 2009; Bonaldi & Ricciardi 2011) . However, we need to mask out some regions that cannot be cleaned reliably. For the analysis of the WMAP data, the WMAP team cleaned diffuse foreground by template fitting, and masked out 20∼30% of a whole sky. Incomplete sky coverage, due to foreground masking, leads to E/B mixing (Bunn et al. 2003; Lewis et al. 2002) . Therefore, there have been various efforts to understand and reduce E/B mixing associated with incomplete sky coverage (Bunn et al. 2003; Lewis et al. 2002; Lewis 2003; Smith 2006; Kim 2007b,a; Kim & Naselsky 2010; Zhao & Baskaran 2010; Bunn 2010) . Previously, we investigated E/B decomposition in pixel space, and showed that E/B mixing is localized mostly around the boundary of foreground cuts (Kim & Naselsky 2010) .
In real space, E and B mode decomposition operators involve only the differential of CMB polarization. Therefore, in principle, we may succeed in performing a clean E and B decomposition in real space. Since it is impractical to apply second derivatives to observation data, we usually perform a spherical harmonic transformation and an inverse transformation to achieve E/B decomposition, instead of applying real-space operators. In spherical harmonic representation, jump discontinuities in a cut sky produces Gibbs phenomenon, unless spherical harmonic expansion consists of infinitely high multipoles. However, we may suppress the Gibbs phenomenon effectively by smoothing a foreground mask, which is similar to the apodization of a foreground mask discussed in other works, though developed in a slightly different context (Smith 2006; Das et al. 2009; Kim & Naselsky 2010; Zhao & Baskaran 2010) . By smoothing a foreground mask, we incur foreground contamination, because zero-value pixels in the original mask may be rendered non-zero by the smoothing process. Therefore, we investigate an optimal foreground mask, which ensures proper foreground masking without any unnecessary loss of sky fraction and suppresses Gibbs phenomenon at the same time. We apply our method to a simulated map of the pixel resolution comparable to the Planck satellite. The simulation shows that leakage power in unmasked pixels is comparable to or smaller than the unlensed CMB B mode power spectrum of the tensor-to-scalar ratio r ∼ 1 × 10 −7 . Compared with the result of the original mask, we have reduced the leakage power by a factor of 10 6 ∼ 10 9 at the cost of only a sky fraction 0.07. We find that the enhancement is highest at the lowest multipoles and that all the zero-value pixels of the original mask remain zero in our mask.
The outline of this paper is as follows. In Sec. 2, we discuss CMB polarization and E/B decomposition. In Sec. 3, we discuss E/B decomposition of a masked sky and the Gibbs phenomenon. In Sec. 4, we investigate the degree of the Gibbs phenomenon in a cut-sky CMB map. In Sec. 5, we present a rigorous discussion of an optimal foreground mask. In Sec. 6, we apply our method to simulated data and present our results. In Section 7, we summarize our investigation.
STOKES PARAMETERS
The state of polarization is described by Stokes parameters (Kraus 1986; Rohlfs & Wilson 2003) . Since Thompson scattering does not generate circular polarization, Stokes parameter Q and U are sufficient to describe CMB polarization (Dodelson 2003) . For the rotation of an angle ψ on the plane perpendicular to direction n, Stokes parameter Q and U have the following spin ±2 properties (Zaldarriaga & Seljak 1997; Zaldarriaga 1998) .
Using its spin properties, we may decompose all-sky Stokes parameters in terms of spin ±2 spherical harmonics (Zaldarriaga & Seljak 1997) :
where the decomposition coefficients a ±2,lm are obtained by:
Though the quantity shown in Eq. 2 has a direct association with physical observables (i.e. Stokes parameters), it is desirable to derive rotationally invariant scalar quantities. To derive spin-zero quantities, we may apply the spin raising and lowering operators given by (Zaldarriaga & Seljak 1997 ).
where s f (θ, φ) is an arbitrary spin s function. Applying these operators to Q(n) ± iU(n) sequentially, we may construct the following scalar quantities (Kamionkowski et al. 1997; Zaldarriaga & Seljak 1997) :
These two scalar quantities are often termed 'E' and 'B' mode, and associated, respectively, with gradient-like and curl-like components of the CMB polarization pattern. Besides rotational invariance, the construction of scalar B quantities increases the detectability of the primordial tensor perturbation, because primordial scalar perturbation makes a null contribution to the B mode (Zaldarriaga & Seljak 1997) .
Applying the spin operators to spin-weighted spherical harmonics, we find the properties (Zaldarriaga & Seljak 1997 ).
Using Eqs. 6, 7, 8, and 9, we find that the 'E' and 'B' mode quantities are equivalently given by (Zaldarriaga & Seljak 1997) .
where
In real-world observations, angular-scale anisotropy much smaller than the FWHM (full width at half maximum) of physical beams are sufficiently suppressed. For instance, the window function of the FWHM 15 ′ at the multipole l = 4000 has a value ∼ 10 −24 . Therefore, summations in Eqs. 2, 10, and 11 may be truncated to a finite multipole with good accuracy. Since it is impractical to take second derivatives of observation data, we resort to Eqs. 10, 11, 12, and 13 to perform the E/B decomposition (Kamionkowski et al. 1997; Mukhanov 2005) .
For a Gaussian seed fluctuation model, the decomposition coefficients of E and B mode satisfy the statistical properties as follows.
where . . . denotes an ensemble average. In Fig. 1 , we show the unlensed C EE l and C
BB l
values of the WMAP concordance ΛCDM model for various tensor-to-scalar ratio r. As noted from Fig. 1 and the WMAP7 upper bounds on r < 0.36, we expect the CMB B mode polarization to be much smaller than that of the E mode.
E and B mode decomposition of a masked sky
Several astrophysical emission sources (the "foreground") exist between the last scattering surface and our vantage point. Contamination from the foregrounds degrades the cosmological information that is attainable from CMB data. Therefore, the WMAP team have reduced diffuse foregrounds by templatefitting, and blocked some regions by applying a foreground mask. That is, reliable measurement of CMB polarization is not available over the whole sky, but only a masked sky. We consider here E and B mode decomposition from a masked sky.
wherẽ
If the sky direction n belongs to the bounded region R of foreground cuts, a foreground mask W(n) is set to zero, or otherwise one. As shown in Eqs. 4 and 5, a spin raising and lowering operator are, in fact, second derivatives weighted by trigonometric functions. Therefore, a spin raising and lowering operator requires information within the infinitesimal vicinity of n. Noting this, we may show that
where n belongs to a region outside the foreground cuts and their boundaries. In other words, the E and B mode maps constructed from a masked sky are identical to those of a whole sky, as far as the concerned sky direction does not belong to the foreground cuts or their boundaries:
where n R.
Whether it is a whole-sky coverage or not, it is impractical to takes second derivatives of observation data. Therefore, we perform a E/B decomposition using Eqs. 10, 11, 12, and 13 (Kamionkowski et al. 1997; Mukhanov 2005) . We may equivalently construct E/B decomposed maps bỹ
and
As pointed out above,Ẽ(n) andB(n) are identical to true E and B mode maps for n R. Therefore, E and B mode maps constructed by Eqs. 25, 26, 27, and 28 are identical to true E and B maps (i.e. those of a whole sky map) for n R.
Spherical harmonic transformation and discontinuities
In deriving Eqs. 30 and 31, we assumed that the forward and backward spherical transformations retain a masked polarization signal with good accuracy.
However, there exists the Gibbs Phenomenon (hearafter GP), which refers to the peculiar manner in which the Fourier representation behaves at a jump discontinuity (Gibbs 1898; Carslaw 1921) . The Gibbs phenomenon disappear only in the continuum limit (i.e. infinite pixel resolution and summation up to an infinitely high multipole) (Gibbs 1898; Carslaw 1921; Allen & Mills 2004; Bankman 2000; Proakis & Manolakis 2006; Glassner 1995) . Jump discontinuities due to foreground masking lead to the Gibbs phenomenon, making Eq. 32 a poor approximation. To investigate the degree of the Gibbs phenomenon, we performed a spherical harmonic transformation of a masked CMB sky map, and reconstructed it from its inverse transformation. Throughout this paper, all spherical harmonic transformation were performed using HEALPix subroutine map2alm iterative with three iterations. To construct the foreground mask, we combined the WMAP team's polarization mask with the point source mask, and prograded it to a higher resolution (HEALPix Nside=2048), which is comparable to the Planck pixel resolution. The foreground mask described above may be suboptimal for observations other than WMAP (e.g. Planck surveyor). However, we find it sufficient for our purposes, which are the investigation of E/B leakage caused by cut sky. For the polarization map, we used the simulated polarization map of 10 ′ FWHM, which is described in Section 6. For spherical harmonic transformation, we set the maximum multipole l max to 4096, as recommended by HEALPix for a chosen pixel resolution (Nside=2048). In Fig. 2 , we show the relative Fig. 2 . Relative difference between the input and its reconstruction: ∆Q/Q (top) and ∆U/U (bottom) difference between the input and its reconstruction, respectively, for the Q and U signals, where we performed a spherical harmonic transformation of the input map and subsequently reconstructed it by the inverse transformation. As shown in Fig. 2 , there is a non-negligible discrepancy between the original signal and its reconstruction. To show the contours of the foreground mask more clearly, we set the minimum and maximum of the pixel values to −0.1 and 0.1, respectively, though the value of the pixels actually lies in much wider ranges −100 ≤ ∆Q/Q ≤ 158 and −160 ≤ ∆U/U ≤ 502. For comparison, we performed a spherical harmonic transformation of Q and U maps without the foreground mask and reconstructed Q and U maps by the inverse transformation. We find that the relative difference is found to be at the level of 10 −4 . The discrepancy is obviously attributed to a foreground mask. For a further investigation, we performed a spherical harmonic transformation of the foreground mask (HEALPix Nside=2048), and reconstructed the foreground mask by the inverse transformation. In a manner similar to the polarization map reconstruction, we made the spherical harmonic transformation up to the multipole 4096. In Fig. 3 , we show the original mask and its reconstruction. As shown in Fig. 3 , we find a significant discrepancy between the original mask and its reconstruction. In Fig. 4 , we show the values of the mask W(n) for a fixed azimuthal angle φ = 0 to provide a clearer view, and note the presence of the Gibbs phenomenon (i.e. the ringing pattern around jump discontinuities).
Smoothed foreground mask and proper foreground masking
The Gibbs phenomenon disappears, when a spherical harmonic expansion is made up to an infinitely high multipole. Hence, the terms of multipoles higher than the truncation point may be associated with the discrepancy shown in Figs. 2 and 3 . Accordingly, we may reduce the Gibbs phenomenon by suppressing the terms of multipoles higher than the truncation point. In image processing, where the Gibbs phenomenon has been known for a long time, Gaussian smoothing has been widely used to mitigate the Gibbs phenomenon (Allen & Mills 2004; Bankman 2000; Proakis & Manolakis 2006; Glassner 1995) . To suppress the terms of high multipoles, we consider and use the Gaussian smoothing kernel consistently throughout this work.
where θ is a separation angle. The Gaussian smoothing kernel is a low pass filter, which has the window function (Dodelson 2003) .
where σ = FWHM/ √ 8 ln (2) and FWHM denotes the full width at half maximum of the smoothing kernel. As discussed previously, we made a spherical harmonic expansion up to l = 4096, as recommended for the HEALPix Nside=2048 pixel resolution. We therefore set the FWHM of a smoothing kernel to 15 ′ , so that the multipoles l > 4096 are sufficiently suppressed (e.g. B l=4096 ∼ 10 −25 ). One may also consider increasing the maximum multipole (i.e. l max ) in a spherical harmonic representation. However, given a fixed pixel resolution, increasing l max beyond the aliasing limit does not mitigate the Gibbs phenomenon, but instead leads to additional distortion. W(x) : the blue, green, red, and cyan curves correspond to the original mask, the smoothed original mask, the widened mask, and the widened and smoothed mask, respectively.
Smoothing a foreground mask, we may incur foreground contamination, because pixels, which are zero in the original mask, may be rendered non-zero by the smoothing process. We therefore have to widen the original mask before smoothing so that the originally zeroed pixels may remain zero. Without loss of generality, we may consider a one dimensional case in a direction normal to the contours of foreground cut. We assume the original foreground mask and the widened mask to be zero, respectively, for x ≤ 0 and x ≤ x 0 , as plotted in Fig. 5 , where x 0 is a positive number that will be determined later. We apply smoothing to a widened mask to produce a smoothed mask, which is plotted as a cyan curve in Fig. 5 . Subsequently, we set the pixels (W(n) ≤ β) to zero, where β is a very small number. In addition to this, we set pixels (W(n) ≥ 1 − β) to one so that we may From now on, we are going to call this product 'a processing mask', and use it for E and B mode decomposition via Eq. 25 and 26. To decide the value of β, we investigated the reconstruction accuracy of a smoothed mask, which is mainly limited by the numerical accuracy of the HEALPix package. Because the associated accuracy is ∼ 10 −6 , we set β to 10 −6 . As discussed previously, we wish to ensure that the zero-value pixels of the original mask are zero in the processing mask. To do that, we wish the cyan curve in Fig. 5 to have a value of β at x = 0, so that the pixels x ≤ 0 in the 'processing mask' may be zero. The pixel value of a smoothed mask at x = 0 is given by
where the integral corresponds to the convolution of the widened mask with the smoothing kernel. The lower bound of the integral is set to x 0 , since we smooth a widened mask. Using Eq. 35, we can show that the boundary location x 0 of a widened foreground mask is given by
However, it is computationally prohibitive to solve Eq. 36, given an immense number of pixels. We therefore need to derive a computationally efficient form, for which we may consider smoothing the original mask. In Fig. 5 , the smoothed original mask is plotted as a green cyan curve. The pixel value of the green curve at x 0 is then given by
The lower bound to the intergal of Eq. 37 and the exponent argument differ from those of Eq. 35. Using Eqs. 36 and 37, we may easily show that α = 1 − β, which corresponds to the value of the cyan curve at x 0 . We may therefore produce the widened mask efficiently by smoothing the original mask and setting the pixels (W(n) ≤ 1 − β) to zero. We emphasize that we have used the same smoothing kernel consistently. In other words, σ in Eq. 35 should be the same as that in Eq. 37. Implementing the processes described above, we produced a widened mask from the original mask and a 'processing mask' subsequently from the widened mask. In Fig. 6 , we show the widened mask and the processing mask. We find that the sky fraction of the 'processing mask' corresponds to 0.64. Compared to the original mask ( f sky = 0.71), we find that a decrease in sky fraction is insignificant. We also confirm that all zero-value pixels of the original mask are zero in the processing mask. The reconstructed 'processing mask' is barely visible, because of the visual indistinguishability between the 'processing mask' and its reconstruction. We also show the original mask (a blue curve), which confirms that the zero-value pixels of the original mask are all masked by the 'processing mask'. We performed a spherical harmonic transformation of the 'processing mask' and reconstructed it by the inverse transformation. In Fig. 7 , we show the 'processing' mask as a red curve and its reconstruction for a fixed azimuthal angle φ = 0. The reconstructed 'processing' mask is barely visible, because the 'processing mask' and its reconstruction are visually indistinguishable. In Fig. 8 , we show the pixel histogram of difference between the 'processing mask' and its reconstruction. As shown in Figs. 7 and 8, the reconstruction error is quite negligible, which indicates that the Gibbs phenomenon is effectively suppressed. For comparison, we show the pixel histogram of the difference between the original mask and its reconstruction in Fig. 9 .
Application to simulated data
Using the WMAP concordance ΛCDM model, we produced simulated Stokes parameter Q and U over the whole sky with a HEALPix pixel resolution Nside=2048. For the beam of the observation, we assumed a 10 ′ FWHM, which corresponds to Planck HFI beam at 100 GHz channel. In Fig. 10 , we show our simulated polarization map, where the orientation and length of headless arrows indicates polarization angle and amplitude, respectively. We simulated the inputmap of no B mode polarization so that any non-zero values in a decomposed B map may be attributed to leakage. For a foreground mask, we use a 'processing mask' as shown in Fig. 6 . We applied the 'processing mask' to the simulated map, and producedẼ andB maps via Eqs. 25, 26, 27, and 28. In Fig. 11 , we show theẼ andB maps, where the unmasked pixels correspond to a sky fraction f sky = 0.64. The magnitude of the E and B maps shown in Fig. 11 are much higher than the input polarization map, because of the prefactor √ (l + 2)!/(l − 2)! in the definitions given by Eqs. 10 and 11. From unmasked pixels of theB map, we estimated the leakage power spectrum using the pseudo C l method (Wandelt et al. 2001; Hivon et al. 2002) . The power spectrum is usually estimated using the pseudo C l method at high multipoles (l > 30), while other methods are adopted at the low multipoles (l ≤ 30) (Bond et al. 1998; Eriksen et al. 2004; Hinshaw & et al. 2007; Efstathiou 2006 ). However, we find that using the pseudo C l method is good enough for leakage power estimation. In Fig.  12 , we show the leakage power spectrum (blue curve) and the B mode power spectrum of various values of the tensor-to-scalar Fig. 12 , we find that the leakage power (blue curve) is comparable to or smaller than B mode power spectrum of tensor-to-scalar ratio r ∼ 1 × 10 −7 . For comparison, we repeated the analysis, using the original mask (the top figure in Fig. 3 ). In Fig. 12 and 13 , we plotted the power spectrum of the leakage produced by the original mask as a green curve, and the ratio of the blue curve to the green curve. As shown in Figs. 12 and 13, we reduced the leakage power by a factor between 10 6 and 10 9 , while losing only a sky fraction 0.07. We also confirm that all the zero-value pixels in the original mask are blocked by our 'processing mask'.
Discussion
We have investigated the E and B mode decomposition of masked CMB sky data. In real space, the E and B mode decomposition operators involve only differentials of CMB polarization. Therefore, we may, in principle, construct E and B maps in real space from incomplete sky data without E/B confusion. However, it is impractical to apply second deriva- Leakage power spectrum and primordial B mode power of various tensor-to-scalar ratio r: blue and green curves denote the leakage power produced, respectively, by a 'processing mask' and an original mask. tives to observation data. Therefore, we usually resort to a spherical harmonic transformation and its inverse transformation when performing a E/B decomposition. In spherical harmonic representation, jump discontinuities in a cut sky produce the Gibbs phenomenon, unless spherical harmonic expansion consists of infinitely high multipoles. Fortunately, we may suppress the Gibbs phenomenon by smoothing a foreground mask. This smoothing approach is similar to the apodized foreground mask discussed in other works (Smith 2006; Das et al. 2009; Kim & Naselsky 2010; Zhao & Baskaran 2010) . By smoothing a foreground mask, we incur foreground contamination, because zero-value pixels in the original mask may be rendered non-zero by the smoothing process. We have therefore investigated how to derive an optimal foreground mask, which ensures proper foreground masking without any unnecessary loss of sky fraction and suppresses the Gibbs phenomenon at the same time.
We have applied our method to a simulated map of the pixel resolution comparable to the Planck satellite. The simulation shows that the leakage power in unmasked pixels ( f sky = 0.64) is comparable to or smaller than the unlensed CMB B mode power spectrum of tensor-to-scalar ratio r ∼ 1 × 10 −7 . For comparison, we repeated the analysis using the original mask, and found that we reduced the leakage power by a factor of 10 6 ∼ 10 9 with the loss of only a sky fraction 0.07. We also confirm that all the zerovalue pixels of the original mask are blocked by our processing mask.
Once we construct pseudo E and B maps using the discussed method, we will be able to perform analyses such as a power spectrum estimation or a Gaussianity study, without worrying about the statistical confusion between the E and B mode. The application of our work to the Planck data will surely enhance the detectability of primordial tensor perturbation.
